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Abstract
This paper focuses on a nonlinear equation from thin plate theory of the form (D(x)w)− (1−ν)[D,w]+c(x)f (w) = 0. We
obtain maximum principles for certain functions defined on the solution of this equation using P -functions or auxiliary functions
of the types used by Payne [L.E. Payne, Some remarks on maximum principles, J. Anal. Math. 30 (1976) 421–433] and Schaefer
[P.W. Schaefer, Solution, gradient, and laplacian bounds in some nonlinear fourth order elliptic equations, SIAM J. Math. Anal. 18
(1987) 430–434].
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
In [6] Payne obtains maximum principles for auxiliary functions defined on the solution of the equation
2w = f (w).
Since then, there have been results for several generalizations of this equation, some having a nonlinear term contain-
ing the Laplacian of the solution w [3,7–9], others replacing the Laplacian by a more general operator of the form
Lw = aijw,ij [10]. In these results, either w or Lw appear in both the first and second terms, such as in
2w + g(x,w,w) + p(x)f (w) = 0.
In this paper we consider an equation in which there is no such symmetry between the first two terms of the
equation. In particular, we examine an equation of the form:

(
D(x)w
)− (1 − ν)[D,w] + c(x)f (w) = 0 in Ω, (1)
where Ω is a bounded domain in R2, 0 < ν < 12 is the elastic constant, D(x) is a positive function, and [ , ] denotes
the Monge–Ampere form which is defined as follows: [u,v] = uxxvyy − 2uxyvxy + vxxuyy . Note that the appearance
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can arise in thin plate theory when considering the equilibrium equations for shear forces acting on a thin plate and a
nonlinear restoring force term. In this context, D(x) is the flexural rigidity of the plate; also see [5] for more details.
Here we show that functions of the type used by Payne in [6] can still be used to obtain maximum principles for our
equation stated above if we include a gradient term. We also obtain maximum principles using auxiliary functions
containing (w)2 and g(x)|∇w|2, for certain choices of the function g(x).
2. Maximum principles
2.1. Auxiliary functions with (w)2 term
First we define the function
P(x) = 1
2
D(x)(w)2 + ∣∣∇2D∣∣2|∇w|2 + c(x)F (w)
where F(w) = ∫ w0 f (t) dt .
The square of the absolute value of the second gradient of D, |∇2D|2 = D,ijD,ij (for i, j = 1,2), where we have
used the comma notation to denote partial differentiation and the summation convention on repeated indices. The
summation convention and comma notation are used throughout this work.
Theorem 2.1. Let w ∈ C4(Ω) be a solution of (1) and let c(x) ∈ C2(Ω), D(x) ∈ C2(Ω), f (w) ∈ C1(R), and β is a
positive number. If c, D, and f satisfy the requirements
(i) c > 0, (c−1) 0,
(ii) D is quadratic, positive, and D  14 (1−ν)
2
1−2ν ,
(iii) F > 0, f ′ > 0, FF ′′ − (F ′)2  0,
(iv) f ′c > β (β > 0), β1/2D1/2  |∇2D|2,
then the function P takes its maximum value on the boundary of Ω .
Proof. A straightforward calculation shows that
P = 1
2
(D)(w)2 + 2D,iw,iw + D
∣∣∇(w)∣∣2
+ D(w)2w + 2∣∣∇2D∣∣2∣∣∇2w∣∣2 + 2∣∣∇2D∣∣2w,iw,i
+ (c)F (w) + c(x)f ′(w)|∇w|2 + c(x)f (w)w + 2f (w)c,iw,i .
Using (1), we see that
2w = −D−1[(D)w + 2D,iw,i − (1 − ν)[D,w] + c(x)f (w)]. (2)
Upon using (ii) and (2),
P  1
8
(1 − ν)2(w)2 − (1 − ν)D,ijw,ijw + D
∣∣∇(w)∣∣2 + 2∣∣∇2D∣∣2∣∣∇2w∣∣2
+ 2∣∣∇2D∣∣2w,iw,i + (c)F (w) + c(x)f ′(w)|∇w|2 + 2f (w)c,iw,i . (3)
If we complete the square of the first two terms in (3), then
1
8
(1 − ν)2(w)2 − (1 − ν)D,ijw,ijw −2(D,ijw,ij )2,
and so
P D
∣∣∇(w)∣∣2 + 2∣∣∇2D∣∣2w,iw,i + (c)F (w) + c(x)f ′(w)|∇w|2 + 2f (w)c,iw,i .
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second inequality in (iv), then
P  (c)F (w) + (c(x)f ′(w) − β)|∇w|2 + 2f (w)c,iw,i .
Upon using the first inequality in (iv),
(
c(x)f ′(w) − β)|∇w|2 + 2f (w)c,iw,i  2−f
2c,ic,i
f ′c
.
From assumption (i) we deduce that
(c)F (w) + (c(x)f ′(w) − β)|∇w|2 + 2f (w)c,iw,i  2c,ic,i
cf ′
(
FF ′′ − (F ′)2)
and so
P  0, by (iii).
The desired result now follows.
Here we mention some examples of functions which satisfy the hypotheses of Theorem 2.1. We consider a
rectangular plate occupying the domain Ω = [0, a] × [0, b], for some positive numbers a and b. Let x1 and x2
denote the coordinates of x in Ω . We define c(x) = 1
x1+x2+k1 − k2, where k1 > 0, and k2  0. We also define
D = (x21 + x22 + k3), where k3 > 0, and F(w) = ew
2
. The conditions in Theorem 2.1 are satisfied, with suitable
choices of β , k1, k2, and k3, for these functions.
Now, we state a similar result without assuming that D is quadratic: Let
R(x) = 1
2
D(x)(w)2 + D(x)|∇w|2 + c(x)F (w),
where F(w) = ∫ w0 f (t) dt . 
Theorem 2.2. Let w ∈ C4(Ω) be a solution of (1) and let c(x) ∈ C2(Ω), D(x) ∈ C2(Ω), f (w) ∈ C1(R), and β is a
positive number. If c, D, and f satisfy the requirements
(i) c > 0, (c−1) 0,
(ii) (a) D  12 (1−ν)
2
1−2ν ,
(b) D − 4D−1|∇D|2  0,
(iii) F > 0, f ′ > 0, FF ′′ − (F ′)2  0,
(iv) f ′c > β (β > 0), β D  |∇2D|2,
then the function R takes its maximum value on the boundary of Ω .
Proof. Using (1) and the identity D,ijw,ij + [D,w] = (D)w, we have
R =
(
1
2
− ν
)
(D)(w)2 − (1 − ν)D,ijw,ijw + D
∣∣∇(w)∣∣2 + 2Dw,iw,i + (c)F (w)
+ c(x)f ′(w)|∇w|2 + 2f (w)c,iw,i + 2D
∣∣∇2w∣∣2 + 4D,iw,kw,ki + D|∇w|2.
Following the proof of the previous theorem we obtain the following inequality:
R D
∣∣∇2w∣∣2 + 4D,iw,kw,ki + D|∇w|2. (4)
Since the right-hand side of (4) is equivalent to
|∇w|2(D − 4D−1|∇D|2)+ D(w,ij + 2D−1w,iD,j )(w,ij + 2D−1w,iD,j ),
we obtain the desired result,
R  0.
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the plate thickness varies in the x2 direction, and that D = Do(1 + λφ(x2))3. Do = Eh
3
o
12(1−ν2) is the reference flexural
rigidity of the plate and E and ho are respectively Young’s modulus and the reference thickness. Here we require
0 < λ< 1 and |φ(x2)| 1 which ensures that the plate is thin enough for thin-plate theory to apply. There is extensive
literature on rectangular and circular plates of variable thickness, in which D has this form [1,2]. Using the function
φ(x2) = 1(x2+k)α (where α  1), we obtain D = Do(1 + λ(x2+k)α )
3
. For suitable choices of the constants k, α, and λ,
(ii)(a), (b), and the second inequality in (iv) can be satisfied. The examples of c and f from Theorem 2.1 again satisfy
the remaining conditions for Theorem 2.2. 
2.2. An auxiliary function with |∇2w|2 term
We now obtain a maximum principle for (1) by modifying the approach of Payne [6] in which our auxiliary function
includes the term |∇2w|2. Let
S(x) = γ ∣∣∇2w∣∣2 − γw,iw,i + α|∇w|2 + [c(x)]2, for some numbers γ,α > 0.
Theorem 2.3. Let w ∈ C5(Ω) be a solution of (1), c(x) ∈ C2(Ω), D(x) ∈ C3(Ω) and f (w) ∈ C1(R). If c, D, and f
satisfy the requirements
(i) (a) c(x) > δ, for some number δ > 0, (c−1) 0,
(b) [c(x)]2  c,ic,i ,
(ii) 1
βγ−M D(x)M , for a number β > 1M + M , where M > 0, and γ M ,
(iii) (a) f ′ > 0, 2δf ′ − βγ 2f 2  0,
(b) f ′c > β( 5α2+2γ 2
ω
), for some number ω > 0,
(iv) D2  |∇nD|2, for n = 1,2,3, where |∇3D|2 = D,ijkD,ijk , for i, j, k = 1,2,
then the function S assumes its maximum on the boundary of Ω .
Proof. First we compute
S,j = 2γw,kw,kj − γw,ijw,i − γw,iw,ij + 2αw,kjw,k + 2cc,j .
Using (1),
S = 2γ ∣∣∇3w∣∣2 − γw,iw,i + 2α∣∣∇2w∣∣2 + 2αw,iw,i − γw,iw,iw,i + 2c,ic,i + 2cc
= 2γ ∣∣∇3w∣∣2 − γw2,i + 2α∣∣∇2w∣∣2 + 2αw,iw,i
− γD−2w,iD,i
[
ν(D)w + 2D,kw,k + (1 − ν)D,kw,k + c(x)f (w)
]
+ γD−1w,i
[
ν(D)w + 2D,kw,k + (1 − ν)D,kw,k + c(x)f (w)
]
,i
+ 2cc + 2c,ic,i . (5)
If we add a term containing the gradient of S to the Laplacian of S, then a more general second-order operator acting
on S is shown to be non-negative:
S + 2D−1S,jD,j = 2γ
∣∣∇3w∣∣2 − γw,iw,i + 2α∣∣∇2w∣∣2 + 2αw,iw,i + 4αD−1D,jw,kjw,k
+ 4γD−1D,jw,kw,kj − γD−2w,iD,i
[
ν(D)w + 2D,kw,k + (1 − ν)D,kw,k
]
+ γD−1w,i
[
ν(D)w + (1 − ν)D,kw,k
]
,i
+ 2γD−1[D,ikw,k − D,kw,ik]w,i
− γD−2w,iD,ic(x)f (w) + γD−1w,ic,if (w) + γD−1c(x)f ′(w)|∇w|2 + 2cc
+ 2c,ic,i + 4D−1cD,j c,j .
After a lengthy but straightforward calculation using (iv) and the inequalities |∇3w|2  34 |∇(w)|2, 2|∇2w|2 
(w)2, we find that for a constant ω > 0,
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3
ω
∣∣∇3w∣∣2 +
(
7ω + 5
ω
γ 2
)∣∣∇2w∣∣2 +
(
5α2 + 2γ 2
ω
)
|∇w|2 + 2αw,iw,i + 4αD−1D,jw,kjw,k
+ 4γD−1D,jw,kw,kj − γD−2w,iD,i
[
ν(D)w + 2D,kw,k + (1 − ν)D,kw,k
]
+ γD−1w,i
[
ν(D)w + (1 − ν)D,kw,k
]
,i
+ 2γD−1[D,ikw,k − D,kw,ik]w,i  0.
Now, if we let ω γ11 , α 
7
2ω+ 52 γ
2
ω
, add and subtract ( 5α
2+2γ 2
ω
)|∇w|2 and use the inequality |∇3w|2  34 |∇(w)|2
on the first two terms of (5),
S + 2D−1D,jS,j −γD−2w,iD,ic(x)f (w) + γD−1w,ic,if (w)
+
(
γD−1c(x)f ′(w) −
(
5α2 + 2γ 2
ω
))
|∇w|2 + 2cc + 2c,ic,i + 4D−1cD,j c,j
 2cc + 2c,ic,i + 4D−1cD,j c,j − γ
2D−2(D−2D,iD,ic2 + c,ic,i)f 2
2(γD−1c(x)f ′ − ( 5α2+2γ 2
ω
))
(for γ M)
 2cc + 2c,ic,i + 4D−1cD,j c,j − βγ 2 c,ic,if
2
c(x)f ′
 0 by (i)(b), (ii), and (iii)(b).
If we complete the square of the second and third terms and use (iv) we are left with
2cc − βγ 2 c,ic,if
2
c(x)f ′
− 2[c(x)]2. (6)
Using assumptions (i)(a) and (iii)(a) we can easily see that (6) is non-negative. Hence S + 2D−1D,jS,j  0. The
desired result now follows as in [6].
We note that the functions D = Doek3x2 , where k3 is a positive constant, f (w) = π2k tan(πw2k ), where k is any
non-zero number, and c(x) = k1 − ek2(x1+x2), where k1 > 0 and k2 < 0, satisfy the conditions of Theorem 2.3, on a
rectangular domain, for appropriate choices of the constants involved. 
3. Bounds
Let us briefly indicate how Theorems 2.2 and 2.3 can be used to obtain bounds on the gradient of the solution, the
Laplacian of the solution, and integral bounds on the second gradient of the solution, following [6].
If w is a solution of (1) in Ω and w = 0 on ∂Ω , then from Theorem 2.2 it follows that
|∇w|2 D−1 max
∂Ω
(
D(x)|∇w|2 + c(x)F (w)).
For another application of this theorem, suppose that w = ∂w
∂n
= 0 on ∂Ω . Then, from Theorem 2.2,
(w)2  2D−1 max
∂Ω
(
1
2
D(x)(w)2 + c(x)F (0)
)
.
Finally, suppose that w satisfies (1) in Ω and w = ∂w
∂n
= 0 on ∂Ω . As a consequence of Theorem 2.3, we have
γ
∣∣∇2w∣∣2 − γw,iw,i max
∂Ω
(
γ
∣∣∇2w∣∣2 + [c(x)]2). (7)
If we let
max
∂Ω
(
γ
∣∣∇2w∣∣2 + [c(x)]2) = d2
and integrate both sides of (7) (see [6]), then
∫
Ω
∣∣∇2w∣∣2  d2A
2γ
, where A is the area of Ω.
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